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H ' Abstract 

Bobkov (2005) investigated an approximate de Finetti representation for probability measures 
on product measurable spaces, which are symmetric under permutations of coordinates. One of 

CO I the main results of that paper was an explicit approximation bound for permanents of complex 

rectangular matrices, which was shown by a complicated induction argument. In this paper, we 
indicate how to avoid the induction argument using an (asymptotic) expansion. Our approach 

r^ . . makes it possible to give new explicit higher order approximation bounds for such permanents 

p I ' and in turn for the probability measures mentioned above. 

<~i ' Keywords: de Finetti representation, permanent, inequality. 

-4— > ' 

C^ ; AMS subject classifications: 60G09, 62E17, 15A45. 

1 Introduction 



Suppose that X := (Xi, X2, X3, . . . ) is an infinite exchangeable sequence of random variables on a 

r^ \ probability space (fi,^, P) with values in a measurable space (5,5), that is, the distribution P^ of 

X on the infinite product measurable space (5*°°, 5®°°) is invariant under permutations of a finite 

number of coordinates. The de Finetti Theorem says that, under mild assumptions on the space 



00 
(N 



Q \ (S, S), there is a probability space (T, T, v) and a Markov kernel fi : T xS — >• [0, 1], (t. A) 1— )■ ^xt^A) 
CN ' such that 



X 



Jt 



For instance, it suffices to assume that (5, S) is a Borel (or standard) measurable space, i.e. Borel 
^.' isomorphic to some Borel measurable subset of M (see Hewitt and Savage (1955) or Diaconis and 
Freedman (1980)). 

For a finite exchangeable sequence, an analogous representation does not generally hold, but 
there are approximate de Finetti results. In what follows, let A'^ G N, n G iV = {1, . . . , A^}, and let 
Yat = (Xi, . . . , Xn) be an exchangeable family of 5- valued random variables, that is, the distribution 
pYN Qf Y]^, defined on {S^ ,S®^) is invariant under permutation of coordinates. Let Qi be the 
probability measure on (S'",5®") defined by 

N 



QM)= /(^5^/x,(.))^"(^)dP(^) 
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for A £ 5*^"", where Ix denotes the Dirac measure at point x £ S. The following results can be 
found in Diaconis and Freedman (1980). They showed that 

where dTy^R^R') = supy^g^^n |^(^) — ^'(^)| denotes the total variation distance between finite 
signed measures R and R' on (S'",5'^"'). Hence, if ^ is small then P^"- has an approximate 
de Finetti representation Qi. It turned out that, in general, the bound (1) is sharp. However, if S 
is finite and of cardinality \S\ := d G N, then another nice bound is available: 

dTv(P^",gi)<^. (2) 

Therefore, in the case of finite S, (2) is better than (1), if d is sufficiently smaller than n. 

On the other hand, it is possible to obtain similar good bounds in the general case if the total 
variation distance is replaced by a weaker probability metric. Let J-"„ be the set of all functions 
/ : S"- — ;■ C such that measurable /i, . . . , /„ : S — > C exist with \fk{xk)\ < 1 for fc G n and 
/(^) — YYk=ifkixk) for all X = {xi, . . . ,Xn) G 5". We write / = l^^^^fk- Furthermore, let 
N^ = {(ii, • • • ,Jn) e iV" life / M for ah kjen with k / £}. 

Bobkov (2005) showed in his Theorem 1.1 (see also p. 405 there) the inequality 



sup 



< 16^- (3) 



N 



N 



/dP^"- / fdQ 
For the proof, he used the representation 

//dP^"- ffdQ,= /(n/fe(Xfc(^))- //d(^Xr/x,H)^")dP(a; 

/( AT W " n ^ N 

iejvj fc=i k=i i=i 

for / = (^fc=i fk G ^n and a remarkable approximation result for permanents of complex rectangular 
matrices (see Theorem A below), which he proved by using a somewhat complicated induction 
argument. The permanent of a complex rectangular matrix Z = {zj^k) G C with A^ G N and 

n G iV is defined by 

n 

Per(Z):= J] \{z,^^u. 

j(^N]^ k=l 

For general properties of permanents, we refer the reader to Mine (1978) and Cheon and Wanless 
(2005). 

Theorem A. (Bobkov, 2005) Let N £ n, n £ N_ and Z = (zj^k) e C^""". For j € N and k G n, 
we assume that \zj^k\ < 1 o-nd set Zk = jj X])=i ^j,k- Then 

<^Pe.,Z)-nj,|<C^ (4, 



k=l 



with the constant C = 16. 



Approximations of permanents 3 

We note that Theorem 2.2 below shows that the constant in (4) can be made smaller. Fur- 
thermore, from Proposition 4.1 in Bobkov (2004) it follows that (4) holds with the better constant 
C = 6, if Zj^k = Zj^i for all j £ N_ and k £ n. 

For two finite signed measures R and R' on (S'"',5®"), let 

dpy{R, R') = sup |-R(^i X ... X An) - R'{Ai x ... x An)\ 
Ai,...,A„e5 



denote the so-called product variation between R and R'. Obviously dpy is a metric on the set of 
all finite signed measures on (S'",5®"). Furthermore, 



dpYiR, R') < sup / / d{R - R' 



fer, 

Therefore (3) and the inequalities of Theorem 1.1 imply bounds for dpv- 

In the next section, we present refinements of (4), see Theorems 2.1, 2.2 and Corollary 2.1. The 
latter implies a result which is better than (3) if -^ is sufficiently small. Further, if n > 2 and in 
turn A^ > 2, an approximation of P^" by a finite signed measure Q2 on (S'",5®") is possible, where 



Q2{A) = QM) 



1 



N 



N{N - 1) 



E E 

KCn:\K\=2j=l 



kdn 



i?,-fc,i^(w) (.4)dPH 



for A G S'^'' and 



1 v^Af 



Ix,{u) - N T.e=i ^xeiu) , ^ikeK 



Rj,k,Ki^} - \ 1 '^N r -f 1 r- \ 1^ 

y Nz2e=ilxt{^), if k£n\K. 

Theorem 1.1 Under the assumptions above and if ^ < e~^, we have 



sup 



sup 



Y„ 



fdp 



/dQi 
fdQ2 



N 

<^ + 9.5l4 £^ , 

- N yr^^' 

<V3(^'^\2i.U 



' n \2 



N, 



aA 



P.21L 



ifn>2. 



Higher order results are also possible using Theorem 2.1 below. We omit the details. 



2 Approximation of permanents 

For n G N, the indeterminate x = {xi, . . . , Xn) and r G Z" = {0, 1,2,... }", we set x'^' = Ylken ^]^ 



and write a^ = Coeff(a;''; ^ 



sei. 



n iiigJb 



for the coefficient of x^ in X^^gZ" '^s^'^ ^ (os G C). Sometimes 



y will be our indeterminate. In what follows, we use the simple fact that, for Z = {zj^k) G 
iV G N and n G iV, 



•'Nxn 



N 



Per(Z) = Coeff fxi ■ ■ ■ Xn, JJ ( 1 + "^Zj^kXk 

j=i k=i 



(5) 



The main result of this section is Theorem 2.1 below and requires the following four lemmas, the 
first of which can be shown in the same way as the more complicated Lemma 3 in Roos (2001). For 
the sake of completeness, we include a proof here. We always set 0*^ = 1. 



Lemma 2.1 Let N ^ N, n ^ N_ and A = {aj^k) £ C^^". For each k ^ n, we assume that 
X]j=i «j,fc = and set ak = jq X^j=i loj.feP- Then we have 

Proof. We may assume that ajt 7^ for every k £ n. Using (5), we obtain for arbitrary Ri, . . . , Rn G 
(0, 00) that 



_ N n 

< -B ^ sup TT 1 1 + I^ aj^kRkf^^" 

1 / 1 JY, / " \ 2x Af/2 



, 2\ N/2 
i=l 'fc=l 

The last inequahty follows from the inequality between arithmetic and geometric means. Indeed, 

^N 



for tt;i, . . . , w^ G C with ^.-^^ Wj = 0, we have 



^ ^ ,1/2 . /^ 1 ^, 2^^/2 



n 11 + ^.1 = (11(1 + 2ReK) + |t/;,f ))' ' < (l + 1 ^ 
where Re(ttJj) denotes the real part of Wj. Cauchy's inequality now gives 

N n ^ ^ n n N 



Wjl 






j=l k=l ki = lk2=l j=l k=l 

Let e G (0, 00) and Rk = {n{N — n + e)ak)~^'^ for k £ n. Combining (7) and (8) and letting e — )■ 0, 
the result is shown. D 

Remark 2.1 Inequality (6) can be viewed as a Hadamard type inequality for permanents of ma- 
trices with zero column sums. A comparable result is due to Carlen et al. (2006). They proved the 
remarkable inequality 



|Per(Z)|<iV!n(^E 



N 
k=i i=i 



\Zj,k\ 



which is valid for general quadratic matrices Z = (zj^k) G C with A^ G N. This inequality 

can be used to derive an alternative bound for the left-hand side of (6) as follows. Consider the 
assumptions of Lemma 2.1 and define Z = (zj^k) G C with Zj^k = aj^k for j G N_, k £ n and 

Zj^^ = 1 for j e N_, k £ N_\n. Then 
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Let us compare (6) with (9). From Lemma 2.2 below it follows that 

^n/2^JV/2 1 e" A^! 1 /ne2\"/2 N\ 



{N - n)(^-")/2 - ^ fTm {N - n)\ - ^\ N J {N - n)l' 

This implies that (6) is much better than the inequality in (9) if ^ is sufficiently small. Therefore, 
in this paper we prefer (6) to (9). 

Lemma 2.2 Let £,m,N € N, £ < m < N and Ci = (J^)^^^ Then 

m/2 ^NI2 

(10) 



=m^! (^_^)(JV-m)/2(iV^jl/2 



e"'m! 



Proof. Let p(?Ti, A'') 



N' 



. Since q{k) := (Trfr)'^ is decreasing in A: G Z+, we have 



p{m,N) iV^(Af + 1 - m)^+i-™(Af + 1) 



g(iV) 



p(m,iV + l) (iV + 1)^+1 (iV-m)^-™(iV + l-m) q{N - m) 



< 1. 



n\/lA, ,o\™/2/l " , „N(n-m)/2 



/ \ 1 /O 1 

Coeff(,- nK^ + -2.^^))N U (n^""^'^"T (n^'"^' 
fc=i ^ ^ fc=i fc=i 



Proof. Using Cauchy's inequality, we obtain 



D 



Hence p{m,N) < limr^ p{m,N) = e™m! and therefore the left-hand side of (10) is bounded by 
("TH — r)"*^ • Since the upper bound is decreasing in m, the assertion follows. 

Lemma 2.3 Let n € N, m G tiq = {0, . . . , n} and tfi,fc; W2,fc G C for k & n. Then 



:n) 



k=l 



Coeff^y™; Yl{wi^k + W2,ky) 

1/2 



< ' E n 1^2,. 

KCn:\K\=mk£K 



=1 E ( n ^2,fc) n ^I'fc 

_ft:Cn: |_ft'|=m fceA" ken\K 

E n i-..'i'f ''' 

XCn: |/^|=m ken\^ 
n 1/9 ^ 1/9 

= Coeff (y™; n(l + k2,fe|'y)) Coeff (y"-™; [](! + ki,fcPy)) • 

A;=l fc=l 

Inequality (11) now follows from a result due to Maclaurin, which says that, ii go, . . . ,gn G [0,oo) 
then (^-7^CoeS{y^; Ylk=ii'^ + 9ky))) is non-increasing in ^ G n, see Hardy et. al (1952), Theo- 
rem 52, page 52. D 

Lemma 2.4 Let n,N gN, m e Z^ with m < min{n,iV}, (a^^fc) G C^^" such that Ylf=iO'j,k = 



for aUken,beC^,a = ^ Z;=i ELi Kk\' , P = i ELi HV ■ Th 



en 



coeff (., ^ ^ ^ .„; ( x: M.)"-" n (i + E «,.^.)) I s '■^'^:;t::^" (:) "-''^^"-""^ 

fc = l 7 = 1 fe=l *^ '^ ^ ^ 



Proof. Let a^ = jj^ X^,=i |oj,fcP) (^ £ n)- Application of Lemma 2.1 gives 



1 



N 



(n — my. 



CoeS(xi---Xn; ('^bkXkj "H" (1 + y2"'i^kXk 



fc=i 



i=i 



fc=i 



N 



^ Coeff (^xi • • • x„; (^ J| {bkXk)j Y].[^^^ aj,kXk 

KCn: \K\=n-m keK j=l 



keK 

N 



k=l 



< 



^ CoefF(^ Y[ Xk;Y{(^l+ ^ aj,fca;fcjj J| &fc| 

KCn: \K\=n-rn ken\K j=l ken\K kGK 

(jv"^^)(^-r»)/2 E ( n ^^) n i^'^i 

^m/2j^fN/2 

{N - m)(^-™)/2 



KCn: \K\=n—m k£n\K 



kGK 



CoeS{y"^;ll{\bk\ + V^y)). 



k=l 



The proof is easily completed using Lemma 2.3. 



D 



We now present our first main result, which generalizes Theorem A. Indeed, it will turn out that 
7 < -^ and, for i = I, H(_[Z) = 17^=1 '^k-, see the Remarks 2.2 and 2.3 below. A further advantage 
of 7 is that it can be equal to zero, that is in the case Zj^k = Zk for all j € N_ and k £ n. We note 
that the singularity in (12) can be removed, see Theorem 2.2 below. 

Theorem 2.1 Let N e N, n e N_, ^ ^ R and Z = (zj^k) G C^^". For j £ N and k £ n, we 
assume that \zj^k\ < 1 and set Zk = j[Ylj=i^j,k> o-j,k = -Zj.fe — Zk, Uj{x) = Yl^=iO'j,kXk, where 
X = (xi, . . . ,Xn) is an indeterminate. Further, let C^ he as in Lemma 2.2 and 

N n 



a 



Iiy It, ^11, ^ 

>r^>r^i i2 o l>r^i~i2 na . ( l i 

;^LLM> /5 = -EN' ^ = ^-^H"'T3^l 

1=1 fc=i fc=i ^ 



^m{Z) 



{N -m)\ 
{n-my.Nl 



N 



Coeff (xi ■■■xn;( n(l + Uj{x))) ( Y. 



. ZkXk 



i=i 



k=l 



HeiZ) = Y, Gm{Z). 



ni=0 



for m G no. 



If^<e ^, then 



{N-ny. 



m 



Per(Z) - He{Z) 



<Q 



2^{i+l)/2 



i+1 



(e'7) 



a/T^^ 



,N 



fl2) 



Proof. Let Wm{x) = Coeff(?/™; ULiC^ + t^i(a^)y)) for m G iVQ. In view of (5), 



AT 



i=i fc=i 



fc=i 



Jj(?7j(x) + l + ^i'fcXfc) = J^ VF'™(x)(l + J]]ifeXfcj 

j=l fe=l m=0 

A' N—m / AT- \ " 

m=0 r=0 ^ ^ fc=l 



N-m 
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and 



(N — m)\ / / \-^ \n-m\ 

(n m). . ^^^ 

we see that 

^ / AT \ " _ Art " 

m=0 ^ ^ fc=l ^ '' m=0 

and therefore jy| ' Per(Z) = Hn{Z). Using Lemmas 2.4 and 2.2 and the simple inequaUty (^) < 
(m)(F)"' f°^ "^ ^ ^0> ■^s obtain 

\{N-ny 



m 



Per{Z)-He{Z) < ^ \Gm{Z) 



m=i+l 



<Q+i y ^_(")a™/2;3("— )/2 



where we used that /3 G [0,1]. By applying Cauchy's inequality and the fact that, since i > 1, 
E™=^+1 D ^ < (1 + ^)" - 2 < e - 2 < 1, the proof is completed. D 

For the rest of the paper, let the notation of Theorem 2.1 hold. 

Remark 2.2 We have 7 < ;^, since 



AT n 

nN 



« = 4fEEI^^-.'^I'-/5<1-/5- (14) 



j=i k=i 



In particular, if \zj^k\ = 1 for all j €z N_ and k £ n, then a = 1 — /3. Indeed, writing Zj^k = Uj^k + i^j,A 
and Zk = Uk + ivk with Uj^k, Vj,k GM.,Uk = jj I],=i Uj,k and Vk = ^ ^j=i '"hk, we obtain 



^J=i "J,A, -A, JV ^^J = 

N n ^ n N 

i 






j=l A;=l k=l j=l 

from which (14) follows. 

Let us now collect some properties of the first Gm{Z), where we always assume that m £ n^. 
Remark 2.3 (a) The first Gm{Z) can be evaluated as follows: 

{N-2)\ 

iv! 

fc=l KQn: \K\=2 j=l keK ken\K 



N 



Go{Z) = l[lk, G,{Z) = 0, G2{Z) = -'-^^ Y. (En«^>) n ^'^' 

G3(z)=2<^ Y. (En«M) n ?- 

ii'Cn; \K\=Z i=l fcGX k<^n\K 



In order to prove this, let 

N N 

Vm{x) = Y,i-Uj{x)r, Wm{x) = Coeff (y™; ^(1 + Uj{x)y) 
for m G N_Q. We have 

m— 2 



Wm{x) = S2Wkix)V^-k{x) forme TV, 



m 

k=0 



(16) 



n 

n—m 



which can be shown in the same way as (10) in Roos (2000). In particular, 

Wo{x) = 1, Wi{x) = 0, W2{x) = -^V2{x), 
Wsix) = -^Vsix), W4x) = ^{V2{x)f - ^V4{X). 
In view of (13), (16) and 

Coefffxi---a;„; Vjn{x)(^ZkXk 

k=l 

N 

= (_l)™^Coeff(xi...x„;([/,(x))™(j;W 
j=i k=i 

N 
= {-ir{n-m)lmlY, E ( 11 «^>) 11 ^'^' (1^) 

j=l KCn: \K\=m keK ken\K 

for m G n, we see that (15) is true. We note that the representations in (15) of G2{Z) and 
Gs{Z) have a simple form, but the omitted ones of Gm{Z) with m > 4 are more complicated. 

(b) Part (a) implies that Hi{Z) = 0^=1 ^k and, if n > 2, 

n ^ N 



NiN _, 

fe=l ^ ' KQn:.\K\=2 j=lkeK k&n\K 



(c) From (17) and Lemma 2.3 it follows that, for m G n, 

n 

Coefffa;i---x„; Vm{x)(^ZkXk 



k=l 
N n N ^ n 



j=l k=l j=l k=l 



< (n - m)! m! ^ |Coeff (y™; ^(i', + a,- ^y)) | < «! ^ (^ E Kkl^T V^""™)/' 
which together with (15) gives 



N , n 






2(Af-l) '^ ' ' ^' " - 3(n-3)!iV! ^ 



n 
k=l 
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(d) The inequalities given in (c) can be used to derive bounds for |G2(Z)| and |G3(Z)| depending 
on 7. For precise calculations, we use the notation 



lid) = ^min|dn, ^3^} 



/3- 
for d € (0, 00), giving 7 = 7(1). We have 



\G2{Z)\ < 7(1/2) max {/3("-2)/^in(l-/3)/3("-2)/2}i^!L_il< ^(1/2), (18) 



t2 N 



,^ .^M ^(n- l)(n-2)iV^ v^ / 1 v^, ,2 cn 1 i\3/2 



(iV-l)(Ar-2)n2^ VAr2Z-^i J''=| t3'l_/3. 



'n\3/2 
• max 



^ ^E(i2EiM^--{i'r^})''- (19) 

j=i fc=i ^ 

We note that (19) implies that |G3(Z)| is bounded by v3(7(l/3))^'2, which is however of 
worse order. 

The following result is a consequence of Theorem 2.1, (18) and (19). 

Corollary 2.1 //7 < e"^, then 



iV! 



^ 1 " 1 3/2 

Per(Z) - H,{Z)\ <V3Y,{j^Yl K>^\"^^{^^ Y^}) + C, 



.2^A2 



where the second inequality requires n > 2. 

We now show that the singularity in (12) can be removed. 

Theorem 2.2 For fixed i & n, let Kg be the smallest absolute constant such that, without any 
restrictions on 7, 



(^-")W^)-^.(^) 



<'^n^''^'^^'- 



Then 

^Cme^ 
Vl - Xi 

where X£ G (0, 1) is the unique positive solution of the equation 






/n particular, ni < 15.72, K2 < 52.83 and K3 < 155.57. 



10 

Proof. Dividing (20) by x^^^^"^ yields a decreasing left-hand side, whereas the right-hand side 
remains increasing in x. Therefore (20) has indeed a unique positive solution Xi € (0, 1). Similary 
as in the proof of Theorem 2.1, we have 

(^ - ^)'per(Z) - He{Z) < i^^^^|Per(Z)| + \He{Z)\ < 2 + ^ |G^(Z)| 



m 



m 

m=2 



<2 + C.E(eS)'"'^((:>"{l-Ai}>-".)"^ 

m=2 ^ ^ 

/ v^ \ 1/2 /I — c^-l\l/2 

<2 + C2[Y.'J =2 + C2^( ^_^ ) =:Ms), 

m=2 



where s = e^7. If s € [O,^^], we obtain by Theorem 2.1 that 



(^~,^^' per(Z)-g,(Z)l < -9i±^.(^+m < Q±i^^(£+i 



< W+^^(£+l)/2 < W+1^ ^/^+l)/2 
\/l - S VI - X£ 



If s G (x£,oo), then 



iV! 



{^+i)/2 ^/r^^ 



The proof is easily completed by using that xi < 0.94019, X2 < 0.967614 and X3 < 0.975935. D 
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